We consider closed hypersurfaces of the sphere with scalar curvature one, prove a gap theorem for a modified second fundamental form and determine the hypersurfaces that are at the end points of the gap. As an application we characterize the closed, two-sided index one hypersurfaces with scalar curvature one in the real projective space.
Introduction
To state our main result we need some notation.
x : M n → S n+1 (1) will be a closed (compact without boundary) hypersurface of the unit sphere S n+1 (1). We denote by A the linear map associated to the second fundamental form and by k 1 , . . . , k n its eigenvalues (principal curvatures of M ). We will use the first two elementary symmetric function of the principal curvatures:
We will also use the normalized means: the mean curvature H = 1 n S 1 and the scalar curvature R, given by n(n − 1)(R − 1) = S 2 . Finally, we introduce the first two Newton tensors by
Clearly P 1 commutes with A and it is also a self-adjoint operator. We will show later (see Remark 2.1) that if R = 1 and S 1 ≥ 0, then all eigenvalues of P 1 are nonnegative, hence we can consider √ P 1 .
*Partially supported by CNPq, Brazil.
H. Alencar, M. do Carmo and W. Santos CMH
We can now state our gap theorem.
(1) be a closed orientable hypersurface with scalar curvature R = 1 (equivalently, S 2 = 0). Assume that S 1 does not change sign and choose the orientation such that S 1 ≥ 0. Assume further that
Then:
(1), where n 1 + n 2 = n, r Remark. The condition on the modified second fundamental form in above theorem can not be dropped, as can be seen by the following example: Let M 6 → S 7 (1) be an isoparametric hypersurface with principal curvatures given by
where θ is given by θ = 13 + √ 165 2 (see [M] ). It is easy to see that M 6 has R = 1 and S 1 > 0. We would like to thank Luiz Amancio de Sousa Junior for showing us this example.
As an application of Theorem 1, we will present a characterization of index one closed hypersurfaces with constant scalar curvature one of the real projective space P(R) n+1 . For minimal submanifolds this result was obtained recently by M. do Carmo, M. Ritoré and A. Ros [dCRR] .
Before giving a formal statement we need some considerations. Hypersurfaces of a curvature one space form with constant scalar curvature one are solutions to a variational problem (see [Re] , [Ro] , [BC] ) whose Jacobi equation is
Here f ∈ C ∞ (M ) and L 1 is a second order differential operator given by
